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b LPTHE, Université de Paris VI–VII, 4 Place Jussieu, Case 126, 75252 Paris Cedex 05, France

Received 25 June 2004; received in revised form 2 September 2004; accepted 2 September 2004
Available online 20 October 2004

Abstract

We analyse the renormalisation properties of composite operators of scalar fields in theN = 2
Super Yang–Mills theory. We compute the matrix of anomalous dimensions in the planar limit at one-
loop order in the ’t Hooft coupling, and show that it corresponds to the Hamiltonian of an integrable
XXZ spin chain with an anisotropy parameter∆ > 1. We suggest that this parameter could be related
to the presence of non-trivial two-form fluxes in the dual supergravity background. We find that the
running of the gauge coupling does not affect the renormalisation group equations for these composite
operators at one-loop order, and argue that this is a general property of gauge theories which is not
related to supersymmetry.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The study of the AdS/CFT correspondence in the PP-wave limit (for a review, see
[41,44,43,50,48]) has triggered a great deal of work in the renormalisation properties
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of composite operators in gauge theory. The original idea of Berenstein et al.[14] was
to regard some gauge-invariant operators of theN = 4 Super Yang–Mills (SYM) the-
ory having largeR-charge as a discretised version of the physical type IIB string on the
PP-wave background. The BMN operators are single trace operators formed by a long
chain of one of the elementary scalar fields ofN = 4, with the insertion of a few other
fields and covariant derivatives (calledimpurities), each of them corresponding to a dif-
ferent excitation of the string. The anomalous dimensions of these operators is expected
to coincide with the mass of the corresponding string state[14]. This matching was first
checked perturbatively at one-loop[14] and at two-loop[31] level, and then a field theory
argument was provided in[51] to extend the correspondence to all orders of perturbation
theory.

In [32], it was realised that the string theory states accessible by quantization on the
plane-wave background are indeed a subsector of a wider class of highly excited string
states which can be described as semiclassical soliton solutions of the AdS5 × S5 string
sigma model. The general feature of these states is that they carry large quantum numbers,
corresponding to large angular momenta along the five sphere and/or the AdS space. The
AdS/CFT dictionary enables one to identify the corresponding gauge theory operators.
As in the BMN case, they are built as a long chain of elementary fields, but in this case
with an high number of impurities. The computation of the anomalous dimensions of such
operators is in general a formidable task, due to the large number of different fields that
they contain.

A very interesting observation was made in[42], where the matrix of the one-loop
anomalous dimensions for the composite operators of scalar fields ofN = 4 SYM the-
ory in the planar limit was put in correspondence with the Hamiltonian of an integrable
SO(6) spin chain. This inspired further studies on the integrability of the planarN = 4
theory SYM at one-loop[4,8,10,27]and also at higher orders[7,3,5,52,49,6]. The re-
lation with the integrable systems allows one to compute the anomalous dimensions of
the “long” gauge theory operators by using the algebraic Bethe ansatz. In general, for
states that have at least one large angular momentumJ along the five sphere, as for
the plane-wave states, one can define an effective expansion parameterλ′ = λ/J2. In
some cases, as for the BMN operators, both the semiclassical expansion of string the-
ory and the perturbative expansion in gauge theory can be defined in terms of this effec-
tive parameter, allowing for a quantitative comparison between the two. Several studies
have been performed along these lines and agreement has been found up to two-loops.1

One salient feature of these developments is that they allow one to probe regions of the
string spectrum far away from the states protected by supersymmetry. It is a remark-
able fact that one finds a quantitative agreement also in these cases. It is thus conceiv-
able that similar patterns of gauge/string duality can be unraveled also for theories where
some (or all) the supersymmetries are broken[34] and the conformal invariance is lost
[46,1,17].

Studies on the integrability in deformedN = 4 SYM theories were performed in[47],
which considered the Leigh–Strassler deformation, in[54,23], where theN = 2,1 orbifold

1 There is by now a huge literature on this subject. An useful introduction together with a large list of references
can be found in the review[53].
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field theories were considered, and in[24] in the context of defect conformal field theories.
A general study on the integrability ofN = 4 SYM in presence of marginal deformations
has been recently presented in[13].

In this paper, we focus our attention on the pureN = 2 SYM theory, and we study
the renormalisation properties of composite operators of scalar fields. We find that the
corresponding matrix of the anomalous dimensions reduces at one-loop and in the planar
limit to the Hamiltonian of an XXZ spin chain. We also study the renormalisation group
flow for these operators and show that the effects of the breaking of the conformal invariance
show up only at the two-loop order in the ’t Hooft coupling.

2. N = 2 theory and the XXZ spin chain

We start by writing the Lagrangian ofN = 2 Super Yang–Mills in Weyl notations

LE = 2

g2
Tr

(
1

4
FµνFµν + (Dµφ)†Dµφ + ψσµDµψ̄ + λσµDµλ̄

−i
√

2(ψ[φ̄, λ] + ψ̄[φ, λ̄]) + 1

2
[φ̄, φ]2

)
, (1)

in terms of the Euclideanσ-matricesσµ = (1, iτi), τi being the Pauli matrices. The fieldφ
is the complex scalar of theN = 2 Super Yang–Mills, the two Weyl spinorsλ andψ are
the fermionic superpartners and the covariant derivative readsDµφ = ∂µφ − i[Aµ, φ].

Let us start by studying the renormalisation properties of operators involving a product
of the complex scalar fieldφ2

GJ (x1, . . . , xJ ; z) = ZJ/2φ 〈φ̄r(x1) · · · φ̄r(xJ )ZO Tr(φJ )r(z)〉

= ZJ/2φ ZOG
(ren)
J (x1, . . . , xJ ; z) (2)

ZO is the renormalisation factor for the composite operator, andZφ is the usual wave-
function renormalisation needed to make finite the two-point function〈φ̄r(x)φr(y)〉. Notice
that the product of the fields̄φ ≡ φ̄a(T a)ij in the Green function(2)should be understood as
a product of the gauge group matrices. This means that the Green function is a matrix, but
sometimes we will not write explicitly its indices in order to avoid a too heavy formalism.
The factorZO is defined in order to reabsorb all the divergencies arising in the computation
of the bare correlatorGJ in (2) with the Lagrangian(1). It turns out that inN = 2 Super
Yang–Mills all the self-energy diagrams cancel. This means that in the convention we
choose for the Lagrangian(1) the only renormalisation for the fields is that associated
to the gauge coupling, i.e.Z1/2

φ ≡ Zg. On the other hand, from the knowledge of the

2 We use the following conventions: the generators of the gauge group are normalised as Tr(T aT b) = (1/2)δab

and the relations between the bare and renormalised quantities areg = Zggr andφ = Z
1/2
φ φr .
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Fig. 1. Feynman diagrams contributing at one-loop. The thick horizontal line joins the fields belonging to the
composite operator.

β-function

β(g) ≡ µ
∂

∂µ
gr = −gµ

∂

∂µ
logZg = − g3

16π2
2N, (3)

one can derive the expression forZg

Zg = 1 − g2N

16π2

µ−2ε

ε
. (4)

Indeed(3) follows from(4) after taking theε → 0 limit.
We are now ready to study the renormalisation properties of the composite operator in

(2). For the sake of clarity we start by considering the caseJ = 2

G2(x, y; z) ≡ 〈(φ̄(x)φ̄(y))ij Tr(φ2)(z)〉. (5)

The tree level contribution in the planar limit is

G2(x, y; z)|tree = 〈(φ̄(x)φ̄(y))ij Tr(φ2)(z)〉tree = g4( 1
2N)∆xz∆yzδij, (6)

where we have used the scalar field propagator

〈φ̄ij(x)φhk(y)〉 = g2

2

(
δikδjh − 1

N
δijδhk

)
∆xy, (7)

with

∆xy ≡
∫

d2ωp

(2π)2ω
eip(x−y)

p2
= Γ (ω − 1)

4πω(|x − y|2)ω−1
. (8)

We use dimensional regularization with the dimension of the space-time equal to 2ω ≡
4 − 2ε. At one-loop, the previous correlator has two contributions: one coming from the
scalar potential and the second coming from the gluon exchange. In principle, there could be
also the contribution of the self-energy diagrams that, however, cancels as we have already
remarked (Fig. 1).

In the planar limit we get

G2(x, y; z)|one-loop;planar= G2(x, y; z)|tree× g2N(K(z; x, y) + G(z; x, y)), (9)
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where

K(z; x, y) ≡ ∆−1
xz ∆

−1
yz

∫
d2ωu∆xu(∆zu)2∆yu ∼ 1

16π2

(
1

ε
+ · · ·

)
, (10)

and

G(z; x, y) = ∆−1
zy ∆

−1
zx

∫
d2ωy1

∫
d2ωy2(∆zy1

↔
∂µ

y1

∆y1x)(∆zy2

↔
∂µ

y2

∆y2y)∆y1y2

∼ 1

16π2

(
1

ε
+ · · ·

)
. (11)

The symbol
↔
∂µ in (11)stands for the left–right derivative (A

↔
∂µ B) = A∂µB − ∂µAB. The

fastest way to get the planar contribution in the correlator containing the string of fieldsφ̄

and a product of various traces is first to perform all the possible contractions that reduce
everything to a single string of fields and then contract only the fields that are next to each
other in this single string. This procedure maximizes the number of factorsN and gives the
planar contribution. Both in(10)and(11)we have kept only the divergent terms that are the
ones that we need, while the dots represent the finite parts.Eq. (9)can be easily generalised,
at the planar level, to arbitraryJ

GJ (x1, . . . , xi, xi+1, . . . , xJ ; z)|one-loop;planar

= GJ (x1, . . . , xi, xi+1, . . . , xJ ; z)|tree;planar

J∑
i=1

g2N

2
[K(z; xi, xi+1)+G(z; xi, xi+1)]

∼ GJ (x1, . . . , xJ ; z)|tree× g2N
J

16π2

µ−2ε

ε
, (12)

where (xi, xi+1) are two nearest-neighbors fields in the correlator and

GJ (x1, x2, . . . , xJ ; z)tree,planar= JNJ−1g2J

2J
δij∆x1z∆x2z, . . . , ∆xJz. (13)

In the last term of(12) we wrote the divergent terms, coming half from the gluon ex-
change and half from the four-scalar interaction. Collecting the tree-level and the one-loop
contributions together we have

GJ (x1, . . . , xJ ; z)one-loop;planar= GJ (x1, . . . , xJ ; z)|tree;planar

(
1+g2N

J

16π2

µ−2ε

ε

)
.

(14)

Finally, by converting the bare coupling factorg2J appearing inGJ |treeinto the renormalised
couplingg2J

r , (14) gets a factorZ2J
g . If we now consider the renormalised correlator in

(2), by using(4) we see that the divergence appearing in(14) is exactly cancelled by the
renormalisation factorsZ−J/2

φ Z2J
g = ZJg , without the need of any renormalisation constant

for the composite operator, i.e.ZO = 1. This means that these operators are protected
at one-loop. Indeed, in[19,38,37,40], it was shown that the generalised Slavnov–Taylor
identities associated to theN = 2 supersymmetry imply that these operators have vanishing
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anomalous dimensions to all orders in perturbation theory. The above computation provides
an explicit check of this property at one-loop.

Let us now come to the more general case of composite operators of the two real scalar
fields of theN = 2 theory

O = Tr(ϕi1 · · ·ϕilϕil+1 · · ·ϕiL ), (15)

where

φ = 1√
2

(ϕ1 + iϕ2). (16)

We derive the one-loop planar mixing matrix for anomalous dimensions following very
closely the procedure used in[42] for N = 4. We then study the correlator

〈ϕiL · · ·ϕil+1ϕil · · ·ϕi1O〉 = ZL/2ϕ ZO〈ϕiLr · · ·ϕil+1
r ϕilr · · ·ϕi1r Or〉, (17)

whereϕ = Z1/2
ϕ ϕr andZϕ = Zφ by virtue of(16). The operators(15)mix among themselves

at the quantum level, andZO is a matrix carrying the indices of the real fields. One can
wonder whether the set of operators(15) is closed under renormalisation. First of all, one
can easily see that the one-loop diagrams in which two real fields of the operator(15)
combine to emit a gluon or a fermionic current are vanishing for symmetry reasons. Then,
the only remaining possibility is a mixing with scalars operators containing derivatives.
These operators do indeed appear in the counterterms needed for the renormalisation of the
operators(15) [16]. However, the converse is not true, since the operators(15)do not appear
as counterterms in the one-loop renormalisation of operators containing derivatives. This
implies that the mixing matrix is triangular and one can disregard the mixing with derivative
operators as far as the computation of the one-loop anomalous dimensions is concerned.
We need then to study only the correlators(17). By using the largeN approximation, we
focus on the nearest-neighbors interaction

〈· · ·ϕil+1(x)ϕil (y) · · · Tr(· · ·ϕjlϕjl+1 · · ·)(z)〉. (18)

The one-loop correction associated to the gluon exchange is exactly the same as that for the
complex fields, and can be read from the last line of(12)by taking only half the contribution
as explained just after(12). By introducing also the (diagonal) index structure of the real
scalar fields, we get

Z
(gluon)···jljl+1···
···ilil+1··· = 1+ g2N

16π2

µ−2ε

2ε
δ
jl
il
δ
jl+1
il+1

. (19)

In order to compute the contribution of the four-scalar interaction, it is convenient to rewrite
it in terms of real scalars

V4 = − 1

2g2

2∑
i,j=1

Tr([ϕi, ϕj][ϕi, ϕj]). (20)
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The correction associated to four-scalar interaction(20) is〈
ϕil+1(x)ϕil (y)

∫
d2ωu

1

2g2
Tr


 2∑
l,m=1

(2ϕlϕmϕlϕm − ϕlϕmϕmϕl − ϕlϕlϕmϕm)




× (u) Tr(ϕjlϕjl+1)(z)

〉
= g4 N

22
∆xz∆yz

g2

2

N

22
4K(z; x, y)(2δjl+1

il
δ
jl
il+1

− δ
jl
il
δ
jl+1
il+1

−δilil+1δ
jljl+1) ∼ g4 N

22
∆xz∆yz

g2N

16π2

µ−2ε

2ε
(2δjl+1

il
δ
jl
il+1

− δ
jl
il
δ
jl+1
il+1

− δilil+1δ
jljl+1),

(21)

The factorN/22 appearing in the second line of(21)is associated to the matrix contractions
and the factor 4 comes from the four possible contractions with the fields in the vertex. The
Z factor associated to the above correction is

Z
(four-sc.)···jljl+1···
···ilil+1··· = 1+ g2N

16π2

µ−2ε

2ε
(2δjl+1

il
δ
jl
il+1

− δ
jl
il
δ
jl+1
il+1

− δilil+1δ
jljl+1). (22)

In conclusion, the contributions coming from the gluon exchange and from the four-scalar
interaction are the same as in theN = 4 case[42] except that now the indicesil, il+1, jl, jl+1
run only over two values and not six becauseN = 2 Super Yang–Mills has only two real
scalars. In addition, inN = 4 we have also the contribution of the self-energy diagrams. In
theN = 2 case, as we already remarked, there are instead no self-energy corrections and
the renormalisation of the fields is given at one-loop by the coupling constantZg-factor.

More precisely, in(17) it appears the factorZL/2ϕ = ZLg . To pass from the bare coupling

g2L appearing in the bare correlator in(17)to the renormalised one we still have to multiply
the RHS of(17)by aZg factor for each field. This amount to the following renormalisation
factor for the nearest-neighbors

Z
(g)···jljl+1···
···ilil+1··· = 1− g2N

8π2

µ−2ε

2ε
δ
jl
il
δ
jl+1
il+1

. (23)

Adding the three contributions in(19), (22)and(23)we get

Z
···jljl+1···
···ilil+1··· = 1− g2N

16π2

µ−2ε

2ε
(δilil+1δ

jljl+1 + 2δjlil δ
jl+1
il+1

− 2δjl+1
il

δ
jl
il+1

). (24)

The resulting matrix of anomalous dimensions for these operators turns out to be the same
as inN = 4 theory[42], except that now the indices run only over the values 1 and 2.3

For the particular case of the composite operators of complex fields in(2), the matrix is
vanishing, in agreement with the result discussed after(12). In fact these operators, when
represented in terms of the real fieldsϕi, are symmetric and traceless in the real indices
i = 1,2, and this ensures the vanishing of their one-loop anomalous dimensions computed

3 Another difference is that the ’t Hooft coupling that appears in(24) is the renormalised running coupling
λr = g2

rN. However, the substitutionλ → λr induces only higher order corrections. With this remark in mind, we
will write our results in terms of the bare couplingλ to simplify the notation.
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Fig. 2. Spin chain.

from (24). In this sense, these operators are the analogous in theN = 2 theory of the BPS
(or chiral primary) operators of theN = 4 SYM [19,38,37,40].

As another example, one can consider the Konishi operatorK = Tr φ̄φ. In the direct
computation of the planar, one-loop renormalisation of this operator one finds that the
contribution of the gluon exchange has the opposite sign with respect to that of the four-
scalar interaction. Thus, they cancel out and the only renormalisation of the Konishi operator
is that associated to the gauge coupling:ZK = Z2

g. From this it follows thatγK = λ/4π2.
On the other side, when one acts onKwith the matrix(24), the contributions of the identity
and of the permutation operators compensate each other and only the trace contribution is
left. By summing on the two sites and using(4) one gets againZK = Z2

g, in agreement with
the direct computation.

Let us now come to the discussion of the relation with the spin chain. Quite naturally the
two scalar fields of theN = 2 SYM can be interpreted as different orientations of a spin and
then the whole gauge invariant operator formed just by scalars can be seen as a spin chain.
The cyclicity of the trace makes the chain closed and implies that the physical states of the
chain corresponding to the gauge theory operators have zero total momentum (Fig. 2).

From this point of view, we can interpret the matrix of the one-loop anomalous dimen-
sions

γO ≡ Z−1
O µ

∂

∂µ
ZO, (25)

which we get from(24)

γO = g2N

16π2

L∑
l=1

(Kl,l+1 + 2 − 2Pl,l+1) = λ

16π2

L∑
l=0

Hl,l+1, (26)

as a Hamiltonian acting on the spin chain. Since the indices of the real scalar fields of theN =
2 theory run just from one to two, we can directly rewrite the matrix of anomalous dimensions
(26) in the basis of sigma matriceŝσµ ≡ (1, σ̂x, σ̂y, σ̂z)4 which is better suited for the
study of spin chain systems. In this basis,ϕ1 → (1 0) andϕ2 → (0 1). The permutation

4 By σ̂i i = x, y, z we indicate here the Pauli matrices.
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operator is

P
jljl+1
ilil+1

≡ δ
jl+1
il

δ
jl
il+1

= 1

2

3∑
µ=0

βµ(σ̂µ)jlil (σ̂
µ)jl+1

il+1
, (27)

with coefficientsβµ = (1,1,1,1), and the “trace” contribution, where the two consecutive
real fields are equal, is

K
jljl+1
ilil+1

≡ δilil+1δ
jljl+1 = 1

2

3∑
µ=0

αµ(σ̂µ)jlil (σ̂
µ)jl+1

il+1
, (28)

whereαµ = (1,1,−1,1). Moreover, before to write down the spin chain Hamiltonian we
observe that the operators containing only products of the complex scalar fieldφ have
vanishing anomalous dimensions. This suggest to take them as the lowest energy eigenstates
of the spin chain and to identify the two orientations of a spin with the following two vectors

φ̄ → |+〉 ≡
(

1

0

)
, φ → |−〉 ≡

(
0

1

)
. (29)

From (16), one immediately realises that the change of basis required to satisfy(29) has
to exchange the two Pauli matricesσ̂y → −σz andσ̂z → σy leaving unchanged the third
σ̂x → σx. The action of the Pauli matrices in the basis(29) is σx|+〉 = |−〉, σx|−〉 =
|+〉, σy|+〉 = i|−〉, σy|−〉 = −i|+〉, σz|+〉 = |+〉 andσz|−〉 = −|−〉, and the matrix of
anomalous dimensions(26) reads

γO = − g2N

32π2

L∑
l=1

[(σx)l(σ
x)l+1 + (σy)l(σ

y)l+1 + 3((σz)l(σ
z)l+1 − 1l1l+1)]

≡ λ

16π2
HXXZ , (30)

where

HXXZ = −1

2

L∑
l=1

[(σx)l(σ
x)l+1 + (σy)l(σ

y)l+1 + 3((σz)l(σ
z)l+1 − 1l1l+1)], (31)

is the Hamiltonian of an XXZ spin system[2]. An interesting feature of this system is that
it displays an anisotropy parameter∆. The behaviour of the spin chain depends critically
on the value of this parameter; in particular for∆ > 1 the spectrum has a mass gap[2].
The integrable system that we find in theN = 2 case belongs to this class, since from
(31) we read∆ = 3. As anticipated, the ground state of the spin chain corresponds to the
protected operatorOvac ≡ Tr(φL). The excited states are associated to spin flips along the
chain, which in the field theory language correspond to the insertion of “impurities”φ̄ in
the operatorOvac. Due to the constraint of zero total momentum imposed by the cyclicity
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of the trace, we have to consider at least two impurities, i.e. we study the operator

On =
L∑
l=0

ωl Tr(φ̄φlφ̄φL−l). (32)

The chain being closed, the coefficientsωl appearing in(32) are some periodic functions
of the positionl. The anomalous dimensions of the operator(32) were computed in[14]
for theN = 4 SYM theory in theL → ∞ limit. In this limit, one can takeωl = e2πin(l/L).
We remark that the relevant diagrams for the computation of[14] come from theD-term
interaction in the last line of(1), and are exactly the same for theN = 2 theory. All the
other diagrams were effectively taken in account in[14] by imposing that their contribution
cancel when puttingn = 0 andφ̄ → φ, since the corresponding operator is protected. This
argument is still valid in theN = 2 theory, where we have shown that the operatorOvacdoes
not get quantum corrections. We can thus compute the value of the anomalous dimension
of the operator(32) from the XXZ Hamiltonian by using(30)and directly compare it with
the result of[14]. By using the identification(29) and the action of the Pauli matrices on
the sites recalled after(29), one can easily get

γOOn = − λ

32π2

L∑
l=0

4(ωl+1 + ωl−1 − 2ωl − 4ωl + · · ·) Tr(φ̄φlφ̄φL−l), (33)

where the factor 4 is the number of links betweenφ and φ̄ in the operatorOn, and the
dots represent subleading terms in theL → ∞ limit. In (33), we splitted∆ = 1 + 2 to
evidentiate the contribution of the anisotropy. In fact, by using the explicit expression ofωl

we get

γOOn = − λ

8π2
[(e2πin/L − e−2πin/L − 2) − 4]On ∼ λ

8π2

(
4 + 4π2n2

L2

)
On, (34)

in agreement with the result of[14].5 We thus see that the presence of a non-trivial anisotropy
parameter∆ > 1 implies the presence of amass gapof the order of the ’t Hooft coupling
λ in the spectrum. This behaviour of the anomalous dimensions led BMN to conclude that
the string states corresponding to these operators become very massive in theλ → ∞ limit
and decouple from the spectrum of the free string on the PP-wave background[14]. The
situation may be different here in the context of theN = 2 theory. In fact, the known “dual”
supergravity solutions[15,45,30,18,25]describe actually some aspects of the ultraviolet
behaviour of theN = 2 field theory, where the ’t Hooft coupling is small, and in fact,
reproduce the correct perturbative running of the gauge coupling[15,45,25]. For this reason,
it is possible that by studying spinning strings on the background given by those solutions one
would be able to describe the perturbative anomalous scaling dimensions of the composite
operators that we studied. In this sense it is suggestive to think that the presence of the
anisotropy parameter∆ in the spin chain could be related to the two-forms non-trivial

5 In order to compare with Eq. (A.18) of[14] one has to rewrite(34) in terms of the string couplinggs by using
g2 = 4πgs and to divide by two since BMN considered the effect of a single impurityφ̄.
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fluxes which break the isometry of the supergravity solution down toSO(2) and make the
gauge coupling constant to run.

3. Renormalisation group flow and the breaking of conformal invariance

The presence in theN = 2 theory of a non-trivial beta function allows for the study of
the effects of the breaking of conformal invariance on the relation with the integrable model.
In order to investigate on this issue, it is particularly interesting to study the renormalisation
group equations for the composite operators(15). As before, we start by studying the
particular case of the protected operators of complex fields appearing in(2). To this end, let
us define the 1PI Green function6

ΓJ (x1, . . . , xJ ; z)(ren) ≡ g−2J
r ∆−1

x1z
. . . ∆−1

xJ z
GJ (x1, . . . , xJ ; z)(ren). (35)

The renormalisation group equation for(35) reads in general(
µ

∂

∂µ
+ βg

∂

∂g
− Jγφ + γO

)
ΓJ (x1, . . . , xJ ; z)(ren) = 0, (36)

whereγφ is the anomalous dimension of theJ fields φ̄ appearing inΓ (ren)
J , andγO is the

anomalous dimension of the operator inserted in the Green function. ForN = 2 at one-loop
the anomalous dimension of the fields is

γφ = µ
∂

∂µ
logZg = g2N

1

8π2
, (37)

while in this particular case the anomalous dimension of the operator is zero sinceZO = 1.
Then,(36) reads in theN = 2 case at one-loop(

µ
∂

∂µ
+ βg

∂

∂g
− Jγφ

)
ΓJ (x1, . . . , xJ ; z)(ren) = 0. (38)

It is easy to verify this equation from the explicit computations that we already done. In
fact, from(12)we have

ΓJ (x1, . . . , xJ ; z)(ren)|one-loop;planar

=
J∑
i=1

(
g2N

2
[K(z; xi, xi+1) + G(z; xi, xi+1)] − g2N

16π2

µ−2ε

ε

)

∼ g2N

32π2

J∑
i=1

[log(z − xi)
2µ2 + log(z − xi+1)2µ2], (39)

6 The one-loop connected Green functionsGJ that we are studying receive contributions only from 1PI graphs,
seeFig. 1. Thus we can get the corresponding 1PI functionsΓJ by simply amputing the external legs.
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where the last term in the first line is the counterterm needed to cancel the divergences of
the one-loop integrals. From(39)we read the explicitµ dependence

µ
∂

∂µ
ΓJ (y1, . . . , yJ ; x)(ren) = g2N

J

8π2
. (40)

By using(37)one can see that this dependence is exactly canceled by the term (−Jγφ) due
to the anomalous dimensions of theφ̄ fields, while the term associated to the beta function
gives contribution only at higher orders, starting fromλ2.

The renormalisation group equation(38) can be easily generalised to the case of com-
posite operators of real fields(15). In this case, we can write

(
µ

∂

∂µ
+ βg

∂

∂g
− Jγϕ

)
〈O(ren)Γ 〉 = − λ

16π2

L∑
l=0

Hl,l+1〈O(ren)Γ 〉, (41)

where we used(26) to write the anomalous dimensions of the operators(15). In (41) the
symbol〈O(ren)Γ 〉 stands for the insertion of the composite operator(15) in a generic 1PI
Green function, andγϕ = γφ is the anomalous dimension of the real scalar fields. The rele-
vant point is that also in this case the contribution of the term associated to theβg-function
is of orderg2N4 = λ2 and thus does not contribute to the renormalisation groupEq. (41)
at one-loop order. Thus the effects of the breaking of the conformal invariance for these
operators starts only at two-loops. This is simply due to the fact that the tree-level contri-
bution to the 1PI Green functions isg-independent, and that theβg-function contribution is
proportional tog3. These features are obviously valid inanygauge theory, and thus one can
argue that this behaviour is maintained also in non-supersymmetric theories. In fact, similar
integrable systems have been known for some times also in QCD[39,28,21,20,9,12,29].
A review on the use of the conformal symmetry in QCD phenomenology can be found in
[22].

4. Discussion

In this paper we have shown that the one-loop renormalisation properties of composite
operators inN = 2 SYM theory are related to the dynamics of an XXZ closed spin chain[2].
Differently from the integrable systems usually discussed in the context ofN = 4 theory,
like the XXX Heisenberg spin chain, this dynamical system has an anisotropy parameter∆

which is responsible for some interesting new properties. The relation with the XXZ spin
chain indicates that the integrable structure arising inN = 2 SYM is related to quantum
groups different from the Yangians appearing in theN = 4 theory[27]. Moreover, we have
found that for theN = 2 theory the XXZ Hamiltonian has an anisotropy parameter∆ > 1.
In this regime, the spectrum of the XXZ spin chain displays a mass gap. We computed the
energy of the first excited state (with zero total momentum) in the limit of a long chain, and
shown that it agrees with the field theory results. Since the Bethe ansatz for the XXZ chain
is known, it would be interesting to apply it to compute the anomalous dimensions of gauge
theory operators of finite size and with a higher number of impurities.
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We have also shown that the ground state of the XXZ spin chain corresponds to symmet-
ric traceless operators which are protected at one-loop. These operators are the analogues
in theN = 2 theory of the BPS (or chiral primary) operators ofN = 4, and were studied
in [19,38,37,40]by using generalised Slavnov–Taylor identities related to theN = 2 su-
persymmetry. These identities imply the vanishing of the anomalous dimensions of these
operators to all orders of perturbation theory. One can thus wonder whether the integrability
properties found at one-loop can be extended to higher orders as well.

Concerning the breaking of the conformal invariance, we have seen that the presence of
a non-trivial beta function does not modify the renormalisation group flow of the composite
operators at the leading order. This seems to be a rather general feature of gauge theories,
not related to the presence of supersymmetry. Similar relations with integrable models have,
in fact, been found also in largeN QCD [39,28,21,20,9,12,29]. An unified framework for
N-extended supersymmetric theories with 0≤ N ≤ 4 has been recently proposed in[11]
in the light-cone quantization. These features make particularly interesting to investigate
whether some relation can be found between the integrability of some subsectors of gauge
theories in the largeN limit and the existence of a dual string theory description for them.
One interesting direction would be to investigate the continuum limit of the XXZ spin chain
in the same spirit of the analysis performed in[35,36,26,33]for the XXX chain inN = 4
theory and in[12,29] for QCD.
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